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a b s t r a c t

The rate of fluoride adsorption from water solution on bone char was interpreted by using a diffusional
model as well as kinetic models. The experimental data for the fluoride concentration decay were obtained
in a rotating basket adsorber. The diffusional model considered that the overall rate of adsorption was
due to the following steps: external mass transfer, intraparticle diffusion and adsorption on an active
site. It was assumed that the rate of adsorption on the active sites was instantaneous. Furthermore,
the overall rate of adsorption of fluoride was controlled by the pore volume diffusion. The diffusional
model fitted the experimental concentration decay curves satisfactorily and the effective pore volume
diffusivity of the fluoride in the bone char varied from 2.73 × 10−6 to 3.71 × 10−6 cm2/s. The tortuosity
factor of the bone char was estimated from the effective diffusivity of the fluoride and varied between
ortuosity 1.7 and 2.3. It was recommended to use an average tortuosity factor of �p = 2.1 to estimate the effective
diffusion coefficient of fluoride in bone char. The effective diffusivity of fluoride and the tortuosity factor
were not dependent upon the operating conditions. The first-, second- and nth-order kinetic models
were fitted to the experimental concentration decay data. The results revealed that the second- and the
nth-order kinetic models adjusted the experimental data satisfactorily; nevertheless, the rate constants
varied with the operating conditions without a reasonable trend. It was concluded that the diffusional

perim
model interpreted the ex

. Introduction

The level of fluoride in drinking water is a very important physic-
chemical factor which must be considered when assessing water
uality for human consumption. The presence of fluoride in water
or human consumption is important since it can be beneficial in
reventing dental fluorosis at concentrations of 0.5 mg/L, but it can
e detrimental to cause dental fluorosis at concentrations higher
han 1.5 mg/L.

The concentration of fluoride in water for human consump-
ion can be decreased below the permissible limit by the following

ethods: ion exchange on polymeric resins, adsorption, reverse
smosis and electrodialysis. The most commonly applied method
s adsorption on activated alumina [1,2].

Bone char has been considered as a potential adsorbent for
liminating excessive fluoride in drinking water for human con-

umption [1–3]. Nevertheless, bone char has not been extensively
pplied because of problems related to the unpleasant taste and
mell, and yellowish color of the treated water [1,2]. These prob-
ems were due to that the bone char still contained organic matter

∗ Corresponding author.
E-mail address: rlr@uaslp.mx (R. Leyva-Ramos).

385-8947/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
oi:10.1016/j.cej.2010.01.019
ental data better than the kinetic models.
© 2010 Elsevier B.V. All rights reserved.

because the charring temperatures were below 500 ◦C. On the other
hand, bone char produced at temperatures above 600 ◦C presented
lower fluoride adsorption capacity than that charred at tempera-
tures below 600 ◦C [4,5]. The adsorption capacity and quality of the
bone char are highly dependent upon the charring temperature and
time. Hence, the procedure for preparing bone char is decisive to
optimize its application as a defluoridation adsorbent of drinking
water. The bone char produced by partly calcination at a temper-
ature of 550 ◦C and a charring time of 4 h, can be appropriate for
defluoridation of drinking water [1].

Very few studies have been focused on the application of bone
char for removing fluoride from water for human consumption.
Abe et al. [6] and Medellin-Castillo et al. [7] investigated the
adsorption of fluoride on bone char from water solutions. The
adsorption capacity is considerably dependent upon the physic-
ochemical properties of the bone char surface and the solution pH
[7]. It has been found that the adsorption mechanism of fluoride
on bone char is attributed to chemical and physical adsorption, the
last is due to electrostatic interaction between the surface charge

and the fluoride ions in solution [8].

At the industrial application, the adsorption of a given pollutant
is mainly carried out in fixed bed adsorbers. To design these adsor-
bers, it is required to know the adsorption capacity and the overall
rate of adsorption [9]. The first step in designing an adsorption pro-

http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:rlr@uaslp.mx
dx.doi.org/10.1016/j.cej.2010.01.019
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Nomenclature

a Prausnitz–Radke isotherm constant (L/g)
b Prausnitz–Radke isotherm constant (L/mg)ˇ

C concentration of fluoride at equilibrium (mg/L)
CA concentration of fluoride in aqueous solution (mg/L)
CA0

initial concentration of fluoride in aqueous solution
(mg/L)

CAe final concentration of fluoride at equilibrium in
solution (mg/L)

CA,r concentration of fluoride in the pore volume at a
distance r (mg/L)

CA,R concentration of fluoride in aqueous solution at the
external surface of bone char (r = R) (mg/L)

De,p effective pore volume diffusivity (cm2/s)
D

◦
Na+ molecular diffusion coefficient of sodium ion at a

dilute concentration (cm2/s)
D

◦
F− molecular diffusion coefficient of fluoride ion at a

dilute concentration (cm2/s)
DF− ionic diffusivity of fluoride in aqueous solution

(cm2/s)
k Freundlich isotherm constant (L1/nf/(mg1/nf−1 g))
K Langmuir isotherm constant (L/mg)
k1 rate constant for the first-order reaction (min−1)
k2 rate constant for the second-order reaction

(g mg−1 min−1)
kL external mass transfer coefficient in liquid solutions

(cm/s)
kn rate constant for the nth-order reaction

(gn−1 mg1−n min−1)
m mass of bone char (g)
n nth-order reaction
nf Freundlich isotherm constant
N number of experimental data points
q mass of fluoride adsorbed per unit mass of bone char

(mg/g)
qpred mass of fluoride adsorbed predicted with the

isotherm model (mg/g)
qe mass of fluoride adsorbed at equilibrium (mg/g)
qexp experimental mass of fluoride adsorbed (mg/g)
qm Langmuir isotherm constant (mg/g)
r distance in radial direction of a bone char particle

(cm)
R radius of a bone char particle (cm)
S external surface of the particles of bone char per unit

mass of bone char (cm2/g)
t time (min)
V volume of the fluoride solution (mL)
ˇ Prausnitz–Radke isotherm constant
εp void fraction of bone char
� dimensionless concentration of fluoride in solution
�exp experimental dimensionless concentration of fluo-

ride in solution
�pred dimensionless concentration of fluoride in solution

predicted with the models
�p density of bone char particles (g/mL)

c
a
a
a

volume of an aqueous solution with a known initial fluoride con-
centration. The adsorption system is composed of two phases: the
�p Tortuosity factor of bone char

ess is to find an adsorbent with a high capacity, high selectivity,

nd long life. Furthermore, this adsorbent must be available in large
mounts as well as inexpensive. The second step is to choose an
dsorbent in which the overall rate of adsorption is fast [10].
ring Journal 158 (2010) 458–467 459

In analyzing the overall rate of adsorption, it is fundamental to
study the mass transport mechanisms and parameters represent-
ing these mechanisms. Normally, these parameters are the external
mass transfer coefficient in the liquid phase and the effective intra-
particle diffusion coefficient. The overall adsorption rate of a solute
or adsorbate from a solution to the active sites of a porous adsorbent
may be interpreted with a diffusional model that consists of three
steps [11]: (1) external mass transport, (2) intraparticle diffusion
and (3) adsorption rate on an active site.

Very few studies have been reported on the rate of adsorption
from water solution onto bone char. The adsorption rates of Cu2+,
Cd2+ and Zn2+ on bone char have been investigated using kinetic
models [12,13] as well as diffusional models [14–17]. A literature
review revealed the rate of fluoride adsorption on bone char has
not been studied.

The adsorption rate of fluoride on various adsorbents has been
investigated by several authors. The adsorption rate of fluoride
on coke, lignite, and bituminous carbon was interpreted using the
kinetic models of pseudo-first-order and pseudo-second-order, and
it was found that the kinetics of fluoride adsorption can be sat-
isfactorily predicted with a pseudo-first-order kinetic model [18],
and the first-order kinetic constant was directly proportional to the
surface area of these adsorbents. The kinetics of fluoride adsorp-
tion on activated alumina and alumina cement [19–21] has been
modeled using kinetic models as well as an intraparticle diffu-
sion model. Ku and Chiou [19] assumed that the adsorption rate
was controlled by a surface reaction and proposed a second-order
kinetic model, which was first-order regarding the concentration
of fluoride in the aqueous solution and first-order with the concen-
tration of unoccupied active sites on the activated alumina surface.
This kinetic model matched satisfactorily the experimental data.
Ayoob et al. [20] reported that the adsorption rate of fluoride on
alumina cement particles was suitably described by a kinetic model
of pseudo-second-order. On the other hand, Ghorai and Pant [21]
found that the adsorption rate of fluoride on activated alumina was
fast in the first 6 h and decreased slowly afterwards. The experi-
mental rate of adsorption data was interpreted with a first-order
kinetic model. However, an intraparticle diffusional model also
fitted the experimental data. The authors concluded that surface
reaction rate and intraparticle diffusion contributed to the overall
adsorption rate of fluoride on activated alumina.

The aim of this work was to study the adsorption rate of fluoride
on bone char using kinetic models as well as a diffusional model.
The diffusional model incorporated the external mass transfer and
intraparticle diffusion. The concentration decay curves predicted
with the diffusional model were compared with those with the
kinetic models. The effects of the operating conditions on the rate
of adsorption were also investigated. The advantages of each model
were argued and a model was selected to predict the overall rate
of adsorption of fluoride on bone char.

2. Diffusional model

In the diffusional model, the overall adsorption rate of fluoride
on bone char is assumed to take place by a mechanism consisting
of three consecutive steps: (i) external mass transport, (ii) intra-
particle diffusion, and (iii) adsorption rate on a site inside the pores
[9].

The diffusional model interprets the adsorption rate in a batch
adsorber that contains a certain mass of bone char, and a constant
constant volume solution of fluoride and the porous particles of
bone char. The diffusional model was developed by performing
mass balances of fluoride in each phase. The following assumptions
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ere made: (i) intraparticle diffusion is exclusively due to diffusion
n the pore volume (Fick diffusion), and (ii) the rate of adsorption
n an active site is instantaneous.

The ordinary and partial differential equations representing the
iffusional model are [9]:

dCA

dt
= −mSkL(CA − CA,R) (1)

p
∂CA,r

∂t
+ �p

∂q

∂t
= 1

r2

∂

∂r

[
r2

(
De,p

∂CA,r

∂r

)]
(2)

The initial and boundary conditions necessary for solving these
ifferential equations are:

= 0, CA = CA0
(3)

= 0, CA,r = 0, 0 ≤ r ≤ R (4)

∂CA,r

∂r

∣∣∣∣
r=0

= 0 (5)

e,p
∂CA,r

∂r

∣∣∣∣
r=R

= kL(CA − CA,R) (6)

If the adsorption rate of fluoride on an active site is assumed to be
nstantaneous then, local equilibrium exists between the fluoride
n the solution inside the pore and the fluoride adsorbed on an
ctive site. This equilibrium can be represented by the adsorption
sotherm, which is a mathematical relation between CA,r and q. The
dsorption isotherm can be expressed as:

= f (CA,r) (7)

The partial and ordinary differential equations of this model
ere numerically solved by using the PDESOL software.

. Kinetic models

In the literature several kinetic models have been reported for
nterpreting the overall adsorption rate of a pollutant on a porous
olid adsorbent [22]. In contrast to the diffusional models, the over-
ll rate of adsorption in the kinetic models is not considered to be
ontrolled by any of the mass transport mechanisms, but rather
y the surface adsorption rate. The overall rate of adsorption is
epresented in a similar fashion as the rate of a chemical reaction.

The kinetic adsorption models are obtained by performing an
verall mass balance of the adsorbate:

dq

dt
+ V

dCA

dt
= 0 (8)

n this equation, it is considered that there are no concentration
radients existing within the particles of the adsorbent. There-
ore, the intraparticle diffusion and the external mass transport are
eglected since they are much faster than the adsorption rate on
he surface. Eq. (8) is integrated by using the initial condition q = 0
t t = 0 and the next equation is obtained:

= V(CA0
− CA)

m
(9)

The first-order adsorption rate is expressed as [22]:

dq = k1(qe − q) (10)

dt

his equation is integrated by using the above initial condition and
he resulting equation is:

= qe(1 − e−k1t) (11)
ring Journal 158 (2010) 458–467

This equation can be expressed in terms of CA and CAe using Eq. (9)
and the resulting equation is:

CA = CAe + (CA0
− CAe )e−k1t (12)

The adsorption rate for a second-order adsorption reaction can
be represented by the following equation [22]:

dq

dt
= k2(qe − q)2 (13)

By integrating this equation, the following one is obtained:

1
(qe − q)

− 1
qe

= k2t (14)

Expressing the above equation in terms of CA and CAe , the final
equation is:

CA = CA0
−

(
m

V

) k2[(V/m)(CA0
− CAe )]2t

(1 + k2[(V/m)(CA0
− CAe )]t)

(15)

The adsorption rate for an n-order is represented as follows:

dq

dt
= kn(qe − q)n (16)

Now, this equation can be related to CA and CAe , and the result is:

dCA

dt
= −k′

n(CA − CAe )n (17)

The relationship between kn and k′
n is given by the following equa-

tion:

k′
n =

(
V

m

)n−1
kn (18)

4. Materials and methods

4.1. Bone char

The bone char used in this study is commercially known as
Fija Fluor and manufactured from animal bones by the APELSA,
Guadalajara, Mexico. The bone char was sieved to the average parti-
cle diameters of 0.65, 0.79 and 1.29 mm, washed several times with
deionized water, dried in a furnace at 100 ◦C for 24 h and stored in
plastic containers.

4.2. Properties of bone char

The textural and physicochemical properties of the bone char
were reported in a previous work [7]. The surface area, pore volume
and average pore diameter were 104 m2/g, 0.30 cm3/g and 11.1 nm,
respectively. The concentrations of acid and basic sites were 0.29
and 0.62 mequiv./g, respectively.

4.3. Determination of the fluoride concentration in aqueous
solution

The concentration of fluoride in an aqueous solution was deter-
mined by a potentiometric method. The potential was measured
using an SA 720, Orion model, potentiometer with a fluoride ion
selective electrode. The concentration of the fluoride in a sample

was determined with a calibration curve, concentration of fluoride
vs. potential. The calibration curve was prepared with eight stan-
dard solutions with concentrations ranging from 0.1 to 10 mg/L.
The experimental error in determining the fluoride concentration
was estimated to be less than 0.5%.
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.4. Adsorption equilibrium data

The experimental adsorption equilibrium data were obtained in
500-mL Erlenmeyer flask that served as the batch adsorber. The
rocedure is described as follows. A fluoride solution of an initial
oncentration varying from 1 to 20 mg/L, was prepared in a 500-
L volumetric flask, the pH of this solution was adjusted to pH 7

nd a 20-mL sample was taken, which was later analyzed to cor-
oborate the initial concentration. The solution was transferred to
he batch adsorber, which was then partially submerged in a ther-

ostatic water bath. A Nylon basket containing 0.5 or 1 g of the
one char was placed inside the solution in the batch adsorber. The
olution was stirred continuously at 200 rpm with a Teflon-coated
tirring bar and a magnetic stirrer placed under the thermostatic
ath. The bone char and solution were left in contact until equi-

ibrium was reached. The solution pH was periodically measured
sing a potentiometer and kept constant at pH 7 by adding 0.01,
.1 and 1.0 M HNO3 or NaOH solutions as required. The volumes of
hese solutions were registered to estimate the final total volume
f the solution. The solution was sampled at certain times and the
oncentration of fluoride in each sample was determined by the
lectroanalytical method described earlier. It was considered that
quilibrium had been attained when the concentrations of two suc-
essive samples did not vary significantly. In preliminary runs, it
as found that 7 days were enough to reach equilibrium. The mass

f fluoride adsorbed was estimated by performing a mass balance
f fluoride. The experimental error in the mass of fluoride adsorbed
as assessed to be less than 2%.

.5. Rotating basket batch adsorber

The experimental adsorption rate data were obtained in a rotat-
ng basket batch adsorber that was similar to a Carberry reactor
23]. The adsorber consisted of a three-neck reaction flask and
as equipped with four equally spaced baffles. The solution in the

dsorber was mixed with an impeller, which was fixed through the
entral neck of the reaction flask and was turned on by a variable-
peed motor. The blades of the impeller were replaced by two
ylindrical baskets made from stainless steel mesh. The baskets
ad a capacity for 4 g of adsorbent and were 1.5 cm in diameter
nd 4 cm in length. One of the two-side necks of the flask was used
or sampling or adding a make-up solution, and the other neck was
mployed for introducing a thermometer. The temperature of the
dsorber solution was kept constant by partially submerging the
dsorber in a constant temperature water bath.

.6. Method for obtaining the rate of adsorption data

The experimental concentration decay curves for the fluoride
dsorption on bone char were obtained in a rotating basket adsor-
er. First, a solution was prepared by mixing equal volumes of
.01 M HNO3 and NaOH solutions and the solution pH was adjusted

o 7. This solution was transferred to a 1-L volumetric flask. Next,
n aliquot of a certain volume was taken and the remaining solu-
ion was added to the adsorber. Moreover, the baskets were packed
ith a certain mass of bone char and were attached to the impeller,

nd the impeller was then set up in the adsorber. The motor of the

able 1
reundlich, Langmuir and Prausnitz–Radke isotherms constants for the fluoride adsorptio

dp (mm) Freundlich Langmuir

k (L1/nf/(mg1/nf−1 g)) nf %D qmK (L/g)

0.65 2.84 3.05 16.0 6.61
0.79 2.72 3.46 2.71 6.66
1.29 1.95 2.30 13.9 2.65
ring Journal 158 (2010) 458–467 461

impeller was turned on and the bone char and the solution were
left in contact for 2 days. The pH of the solution was periodically
measured and adjusted to 7 by adding 0.1 M HNO3 solution. Once
the pH of the solution in the adsorber did not vary over time, an
aliquot of a solution of known concentration of fluoride was added
to the adsorber and the volume of this aliquot must be equal to
that taken from the 1-L volumetric flask. Immediately afterwards,
the timer was turned on and the time was registered as t = 0. Dur-
ing the whole experiment, the pH of the solution was periodically
measured by a potentiometer and adjusted by adding 0.1 M HNO3
solution. The fluoride concentration decay curve was obtained by
sampling the solution in the adsorber at different times. Immedi-
ately after taking a sample, an equal volume of a make-up solution
of fluoride was added. The concentration of fluoride in the make-up
solution was close to the average of the initial and final equilibrium
concentrations of fluoride in the adsorber solution. The reason for
the addition was to restitute the mass of fluoride that was taken
out with each sample. In this way, the volume of the solution in the
adsorber was kept constant.

The experimental concentration decay data, concentration of
fluoride vs. time, were expressed in dimensionless form by defining
the following variable:

� = CA

CA0

(19)

The dimensionless concentration, �, was plotted against the time
to obtain the dimensionless concentration decay curve.

5. Results and discussion

5.1. Adsorption isotherm

The experimental adsorption equilibrium data of fluoride on
bone char at T = 25 ◦C, pH 7 and different particle diameters were
interpreted using the Freundlich, Langmuir and Prausnitz–Radke
isotherms. These isotherms are mathematically represented by the
following equations:

q = k C1/nf (20)

q = qmKC

1 + KC
(21)

q = aC

1 + bCˇ
(22)

The constants of these isotherms were estimated by employing a
least-squares method based on the Rosenbrock–Newton optimiza-
tion algorithm and the values of these constants at T = 25 ◦C and
pH 7 are listed in Table 1. Also, the average absolute percentage
deviation, %D, was calculated by applying the following equation:

%D = 1
N

N∑∣∣∣∣qexp − qpred

qexp

∣∣∣∣ × 100% (23)
i=1

The values of %D are also included in Table 1. The data was best
fitted with the Prausnitz–Radke isotherm because in all the cases
the %D of this isotherm was always lower than those of the other
two isotherms. The adsorption of fluoride on bone char was studied

n on bone char at pH 7 and T = 25 ◦C.

Prausnitz–Radke

K (L/mg) %D a (L/g) b (L/mg)ˇ ˇ %D

1.16 3.49 8.52 4.78 0.92 1.30
1.22 9.61 42.0 3.07 0.76 2.15
0.45 4.50 3.05 4.85 0.92 4.32
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ig. 1. Adsorption isotherms of fluoride on bone char at pH 7 and T = 25 ◦C. The lines
epresent the Prausnitz–Radke isotherms.

horoughly in a previous work [7]. The effects of the solution pH
nd temperature as well as the bone char surface properties on the
dsorption of fluoride on bone char have already been presented in
previous work [7].

The experimental data and the Prausnitz–Radke isotherm model
or different particle diameters are graphed in Fig. 1. It can be seen in
his figure that the adsorption capacity of the bone char increases
lightly when the particle diameter is reduced by grinding. This
ffect cannot be due to the rate of adsorption since enough time
as allowed to reach equilibrium. However, it may be attributed to

hat the fluoride ions could not enter all the pores and some of these
nexposed pores were probably opened up while grinding the par-
icle. In other words, the adsorption capacity was increased because
ome additional surface area was available for fluoride adsorption
hen the particles were ground. A similar effect had been reported

or the adsorption of phenol on granular activated carbon [24].

.2. Concentration decay curves of fluoride

In a previous work [7], it was found that the fluoride adsorp-
ion capacity of bone char was highly dependent on the solution
H and increased by diminishing the solution pH. For this reason,
he solution pH had to be kept constant during the adsorption rate
xperiments; otherwise the adsorption capacity of bone char would
ave changed as adsorption progressed.

At the beginning of the adsorption rate experiment, it was
bserved that if the initial pH were below 7, the solution pH
ncreased immediately, and it was difficult to keep constant the
olution pH by adding 0.01 M HNO3 solution. On the other hand,
he solution pH varied slightly during adsorption at an initial pH
f 7, and it was feasible to keep constant the solution pH. Thus, all
xperimental data for the fluoride concentration decay curves were
btained at pH 7.

The total volume of the solution added for maintaining constant
he pH was always less than 2 cm3; this volume represents only 0.2%
f the total volume of the solution in the rotating basket adsorber.
hus, the total volume of the solution was considered to remain
onstant throughout the rate of adsorption experiments.
.3. Molecular diffusion coefficient of fluoride

All the fluoride solutions were prepared by dissolving NaF,
hich dissociated into Na+ and F− ions. In this case, it was con-
ring Journal 158 (2010) 458–467

sidered that the sodium fluoride solutions were quite dilute since
the fluoride concentrations were less than 20 mg/L (1.05 mM). The
diffusion coefficients of these ions in dilute aqueous solutions are
reported in the literature at 25 ◦C and the values are as follows
[25]: D0

Na+ = 1.334 × 10−5 cm2/s and D0
F− = 1.475 × 10−5 cm2/s.

The ionic diffusivity of fluoride, DF− , was estimated from the fol-
lowing equation [26]:

DF− =
(z+ + |z−|)D0

Na+ D0
F−

z+D0
Na+ + |z−|D0

F−
(24)

where z+ and z− are the values of the positive and negative charges
of the ions involved. Substituting values in the preceding equation,
the ionic diffusivity of fluoride in aqueous solution is DF− = 1.39 ×
10−5 cm2/s.

5.4. Mass transfer coefficient

The external mass transfer coefficient, kL, was estimated using
the method proposed by Furusawa and Smith [27]. This method
is based on the mass balance equation of fluoride in the adsorber
solution, Eq. (1). Evaluating this equation at the initial condition:
t = 0, CA = CA0

and CA,R = 0, the following equation is obtained:

kL = −
(

V

mSCA0

)
dCA

dt

∣∣∣
t=0

= − ˛R

3CA0

(
dCA

dt

)
t=0

(25)

The last term is the slope of the concentration decay curve at the
beginning of the experiment (t = 0). This slope was estimated by
using the first two concentration data points at t = 0 and t = 15 min
and the following equation:

dCA

dt

∣∣∣
t=0

= CA − CA0

t − 0
(26)

The values of kL are displayed in Table 2 and range between
0.37 × 10−3 and 3.07 × 10−3 cm/s. These values are within the range
of experimental values of kL obtained in a rotating basket adsor-
ber for the adsorption of heavy metals on activated carbon [9] and
organic compounds on activated carbon [28].

5.5. Interpretation of adsorption rate data with the diffusional
model

The experimental data of the concentration decay curves of flu-
oride were interpreted with the diffusional model. The only two
mass transfer parameters of this model are the external mass trans-
fer coefficient, kL, and the effective pore volume diffusivity, De,p. The
external mass transfer coefficient was estimated as described in the
previous section.

The De,p was estimated by matching the experimental dimen-
sionless concentration decay data, �exp, with the dimensionless
concentration decay predicted with a numerical solution of the
diffusional model, �pred. In the diffusional model, it was further
assumed that the diffusion in the pore volume is the only intra-
particle diffusion mechanism. The best value of De,p was obtained
when the diffusional model best fitted the experimental data, con-
sidering that the optimum fitting was achieved by minimizing the
following objective function:

Minimum =
N∑

(�exp − �pred)2 (27)
Figs. 2 and 3 show the experimental data of the fluoride con-
centration decay curves on bone char as well as the concentration
decay predicted with the diffusional model. In all the cases, the dif-
fusional model satisfactorily represented the experimental data.
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Table 2
Experimental conditions of the concentration decay curves for the adsorption of fluoride on bone char at T = 25 ◦C and pH 7. Mass transfer parameters of the diffusional model.

Run No. dp (mm) Speed (rpm) CA0 (mg/L) m (g) CAe (mg/L) qe (mg/g) kL (×103 cm/s) De,p (×106 cm2/s) �p

2 0.79 200 8.35 2.016 1.69 3.32 1.45 3.71 1.7
3 0.79 200 5.44 1.008 1.97 3.46 1.38 3.16 2.0
4 0.79 200 8.59 1.006 4.32 4.25 2.10 3.09 2.1
5 0.79 200 22.4 1.014 16.4 5.94 1.76 2.96 2.2
6 0.79 200 16.4 0.800 12.0 5.22 0.98 2.84 2.2
7 0.79 200 16.6 1.301 9.85 5.07 2.63 2.87 2.2
8 0.79 200 15.8 2.601 4.67 4.34 1.23 3.09 2.1
9 0.79 200 3.37 1.001 0.70 2.57 0.93 3.23 2.0

10 0.79 100 3.37 1.001 0.75 2.63 0.73 2.81 2.3
12 0.65 200 5.63 1.007 1.76 3.76 1.30 2.78 2.3
13 1.29 200 5.66 1.004 2.2
14 0.79 150 7.28 1.001 3.3
15 0.79 200 7.65 1.003 3.8
16 0.79 250 9.11 1.004 4.7
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ig. 2. Concentration decay curves for fluoride adsorption on bone char. The lines
epresent the diffusional model predictions. Run Nos. 3, 4 and 5.

he experimental values of De,p are reported in Table 2 and vary
etween 2.73 × 10−6 and 3.71 × 10−6 cm2/s.

The tortuosity factor of bone char can be estimated with the

ollowing equation [9,14]:

e,p = εpDF−

�p
(28)

ig. 3. Concentration decay curves for fluoride adsorption on bone char. The lines
epresent the diffusional model predictions. Run Nos. 6, 7 and 8.
1 2.93 3.07 3.31 1.9
2 3.97 0.37 2.73 2.3
9 3.72 0.73 2.78 2.3
1 4.35 0.78 3.31 1.9

The ionic diffusivity of fluoride is DF− = 1.39 × 10−5 cm2/s (Section
5.3) and the value of the void fraction for the bone char is εp = 0.46
[29]. The values of the tortuosity factor, �p, estimated with Eq. (28)
are shown in Table 2 and vary between 1.7 and 2.3. The rate of
adsorption of heavy metals on bone char has been studied in several
works [16,29,30] and it has been reported that the tortuosity factor
of bone char varies between 2.7 and 3.6 [14,15].

Cheung et al. [14] studied the adsorption kinetics of Cd(II), Cu(II)
and Zn(II) on bone char employing a film-pore diffusion model. The
model was obtained by assuming that the rate of adsorption was
controlled by the external mass transfer and pore volume diffusion.
Furthermore, it was supposed that the adsorption of the metal took
place on a shrinking core of the particle. Cheung et al. [30] reported
that the experimental effective pore volume diffusivities of Cd(II),
Cu(II) and Zn(II) were 0.528, 0.667 and 0.632 × 10−6 cm2/s, respec-
tively. These values are less than the effective diffusivity values of
the fluoride ion. A possible explanation for this behavior is that the
hydrated radius of the F− (0.352 nm) [31] is less than those of the
metal ions (the hydrated radii of Cd(II), Cu(II) and Zn(II) ions are
0.426, 0.419 and 0.430 nm, respectively). In other words, the fluo-
ride ion diffuses faster than the metal ions because of its smaller
size.

In general, it was observed that the experimental concentration
decay data were reasonably well interpreted with the diffusional
model and the variations of De,p were not important. The arithmetic
average of De,p is 3.08 × 10−6 cm2/s and the corresponding average
tortuosity factor is �p = 2.1.

The experimental concentration decay curves for run Nos. 2 and
10 are graphed in Fig. 4. For comparison purposes the concentration
decay curves predicted with the diffusional model using the aver-
age value of De,p (De,p = 3.08 × 10−6 cm2/s) or average value of �p

(�p = 2.1) and with the best value of De,p were also plotted in these
figures. The experimental data of run Nos. 2 and 10 were chosen
for this comparison because the best values of De,p in these exper-
iments correspond to the lowest and the highest values of �p (see
Table 2). As seen in these figures, the fluoride concentration decay
curves predicted with the average value of De,p or �p are very sim-
ilar to those predicted with the best value of De,p. Thus, the model
prediction using the average tortuosity factor of �p = 2.1 is also quite
satisfactory.

5.6. Effect of the mass of fluoride adsorbed on De,p

The mass of fluoride adsorbed can affect the diffusion of fluoride

inside the pores since the fluoride adsorbed on the pore surface
might reduce the volume of the pore and block partially the pores.
The effect of the mass of fluoride adsorbed at equilibrium, qe, on Dep

was studied by carrying out experiments at the same conditions,
but qe was different in each experiment. This last condition was
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ig. 4. Concentration decay curve for fluoride adsorption on bone char. The lines
epresent the diffusional model predictions. Run Nos. 2 and 10.

chieved by varying the initial concentration of fluoride or the mass
f bone char. In each run, the final conditions at equilibrium, CAe

nd qe, were calculated by solving the mass balance equation (9)
nd the adsorption isotherm equation (22).

The experimental concentration decay curves for run Nos. 3, 4
nd 5 are graphed in Fig. 2 and these runs were carried out under the
ame conditions except that the initial fluoride concentration, CA0

,
as different in each run. Analyzing the experimental conditions

f these runs in Table 2, it was noticed in that qe increased when
A0

was raised. This behavior is considered normal since the greater
he amount of fluoride in the solution, the greater the amount of
uoride available for adsorption. The concentration decay curves

or run Nos. 6, 7 and 8 are displayed in Fig. 3 and these runs were
arried out at the same experimental conditions, but the mass of
one char, m, was varied in each run. The experimental conditions
or these runs are given in Table 2. The values of qe dropped as the

ass of bone char increased because there was a greater mass of

one char per unit volume.

The effect of qe on De,p is shown in Fig. 5 and De,p does not depend
n qe. This may be due to that qe is very low and hence the fluoride
dsorbed on the pore surface does not hinder fluoride diffusion in
he pore volume.

ig. 5. Effect of the mass of fluoride adsorbed at equilibrium, qe, on the effective
iffusion coefficient, De,p.
Fig. 6. Effect of the diameter particle on the fluoride concentration decay curves.
The lines represent the diffusional model predictions. Run Nos. 3 and 13.

5.7. Effect of the average particle diameter on the overall
adsorption rate

The effect of the particle size on the overall adsorption rate was
studied by obtaining the adsorption rate data using bone char par-
ticles with different particle diameters and keeping the rest of the
experimental conditions constant. The experimental concentration
decay curves for run Nos. 3 and 13 are shown in Fig. 6, and it can be
noticed that adsorption equilibrium was attained faster by reducing
the diameter of the bone char particles. This result implies that the
overall adsorption rate increased while diminishing the diameter
of the particle. This behavior was expected since the overall adsorp-
tion rate of fluoride was controlled by the intraparticle diffusion. If
the particle diameter is smaller, then the distance traveled by the
fluoride ion from the external surface to the active sites inside the
pores will be shorter, resulting in a faster adsorption rate.

The experimental concentration decay curves for run Nos. 3 and
13 were predicted with the diffusional model and are plotted in
Fig. 6. Again, the diffusional model satisfactorily interpreted the
experimental data. The values of De,p and �p varied very slightly
with the particle diameter (see Table 2). Normally, the tortuosity of
an adsorbent does not depend on the diameter of the particle but
on its porous structure. This explains why �p does not depend on
the particle diameter of bone char.

5.8. Importance of external mass transport in overall adsorption
rate

In the rotating basket adsorber, the external mass transport
depends on the impeller speed. The effect of the external mass
transport in the overall adsorption rate was studied by performing
experiments at the same experimental conditions but at different
impeller speeds. The experimental concentration decay curves at
the impeller speeds of 150, 200 and 250 rpm (run Nos. 14, 15 and
16) are graphed in Fig. 7, and it can be observed that in the first
3 h, the experimental concentration decay curve at 150 rpm is dif-
ferent from those at 200 and 250 rpm. Furthermore, the external
transport coefficient, kL, increased from 0.37 to 0.73 cm/s when the
impeller speed was raised from 150 to 200 rpm (see Table 2, run

Nos. 14 and 15). Thus, the external mass transport of fluoride was
doubled by augmenting the impeller speed from 150 to 200 rpm.
As seen in Fig. 7, the experimental concentration decay curve at the
speed of 200 rpm is overlapping that at 250 rpm; this reveals that
the external mass transport is no controlling the overall adsorp-
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ig. 7. Effect of the impeller speed on the concentration decay curves for fluoride
dsorption on bone char. The lines represent the diffusional model predictions. Run
os. 14, 15 and 16.

ion rate at speeds higher than 200 rpm. For this reason, the rest of
xperiments were performed at impeller speeds of 200 rpm.

.9. Interpretation of the adsorption rate data with the kinetic
odels

The experimental data of the fluoride concentration decay
urves were also interpreted with the kinetic models described
arlier. The kinetic model equations for the first-, second- and nth-
rder were presented previously. The values of k1 and k2 were
stimated by fitting the kinetic model to the experimental concen-
ration decay data. The values of kn and n of the nth-order kinetic

odel were obtained by matching the experimental concentration
ecay data with a numerical solution of the nth-order model com-
uted by an integration method using the Scientist software. The
est values of the rate constants (k1, k2 and kn) and order (n) were
stimated by a least-squares method using an optimization algo-
ithm based upon the objective function represented by Eq. (27).
he values of the kinetic parameters as well as the absolute average
ercentage deviation are given in Table 3.
The kinetic models are normally fitted to the experimental data
y considering that the adjustable parameters are the rate con-
tants (k1, k2 and kn), the uptake at equilibrium (qe) and the order
n) of the adsorption rate. In this work, qe was not considered an
djustable parameter since it can be calculated as described in Sec-

able 3
alues of the rate constants for first-, second- and nth-order kinetic models.

Run No. First-order Second-order

k1 (×103 min−1) %D k2 (×103 g mg−1 min−1)

2 3.5 8.6 2.2
3 2.3 6.5 1.2
4 3.1 4.6 1.3
5 6.8 3.2 2.3
6 3.0 1.9 1.0
7 7.3 5.7 2.4
8 7.1 7.3 2.9
9 1.4 7.5 1.0

10 0.9 8.3 0.6
12 4.2 8.5 1.6
13 1.2 8.8 0.6
14 1.3 1.2 0.4
15 2.6 2.8 0.9
16 3.2 1.6 1.0
Fig. 8. Concentration decay curves for fluoride adsorption on bone char. The lines
represent the kinetic model predictions. Run Nos. 3 and 9.

tion 5.6. If qe is considered as an adjustable parameter then qe

cannot be predicted with the adsorption isotherm.
The experimental concentration decay curves for run Nos. 3 and

9 are presented in Fig. 8. The concentration decay data for the
first-, second- and nth-order kinetic models are plotted as well.
It is observed that the second- and nth-order kinetic models fit
the experimental data well, whereas the first-order model does
not. The absolute average percentage deviations vary between 0.5
and 7.1, 0.5 and 6.9 and 1.2 and 8.8%, for the nth-, second- and
first-order models, respectively. The percentage deviations of the
second-order model are very similar to those of the nth-order
model and therefore, it was considered that both kinetic models
fitted quite well the fluoride concentration decay data. The second-
order kinetic model was chosen over the nth-order model because
the values of the reaction order n varied considerably between 1.8
and 3.2 (see Table 3). Besides, the values of n varied without any
trend concerning the operating conditions.

5.10. Dependence of the k2 kinetic constant with regard to
operating conditions
In Table 3 it is clearly noted that the rate constants (k1, k2 and
kn) varied considerably with the operating conditions (initial con-
centration of fluoride, mass of bone char, concentration of fluoride
at equilibrium and mass of fluoride adsorbed at equilibrium) (see
Table 2). The dependence of the rate constant k2 with respect to

nth-Order

%D kn (×103 gn−1 mg1−n min−1) n %D

6.9 2.0 2.0 7.1
6.2 1.3 1.8 5.0
3.2 1.1 2.2 3.6
1.6 1.0 2.7 1.5
0.8 0.9 2.1 0.8
3.4 0.7 3.1 3.0
4.4 2.8 2.1 4.6
5.7 1.1 1.8 4.5
4.1 0.7 1.8 3.3
4.1 1.3 2.3 4.6
4.6 0.5 2.5 4.7
0.7 0.2 2.5 0.7
1.5 0.3 3.2 1.2
0.5 0.9 2.1 0.5
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ig. 9. Effect of the mass of fluoride adsorbed at equilibrium, qe, on the rate constant
2.

he mass of fluoride adsorbed at equilibrium is illustrated in Fig. 9
nd similar behavior was also observed for the effect of the other
perating conditions on k2. It is considered that the second-order
inetic model interprets the fluoride concentration decay curves
atisfactorily, but the k2 constant varies without any trend regard-
ng the operating conditions of the system. Therefore, k2 cannot
e predicted from the operating conditions and this behavior can
rastically restrict the application of the kinetic model to predict
he adsorption rate of fluoride on bone char.

.11. Comparison of the diffusional model with the second-order
inetic model

The experimental concentration decay curves for fluoride
dsorption on bone char are plotted in Fig. 10 for run Nos. 2 and 10,
espectively. For comparison the concentration decay curves pre-
icted with the second-order kinetic and diffusional models were
lso shown in these figures. In the case of the diffusional model, the

oncentration decay curves were predicted using the average val-
es of De,p = 3.08 × 10−6 cm2/s and �p = 2.1. As indicated previously,
hese runs were selected because the best values of De,p for these
uns were the lowest and the highest values.

ig. 10. Comparison of the concentration decay curves predicted with the diffu-
ional model and the second-order kinetic model. Run Nos. 2 and 10.

[

[

[

ring Journal 158 (2010) 458–467

Fig. 10 shows that both models interpret the experimental con-
centration decay curves quite well; however, the diffusional model
fitted the experimental data slightly better. Besides, the constants
of the kinetic model cannot be related to the experimental condi-
tions and varied without any trend, and their variations have no
physical meaning. Despite this fact, the kinetic models have been
extensively used to interpret the adsorption rate because they are
very simple and easy to use. On the other hand, the diffusional
model is more complex to solve since it involves solving a partial
and an ordinary differential equations. Moreover, it is considered
that in these models, the external mass transport and specially the
intraparticle diffusion play a very important role.

6. Conclusions

The diffusional model which assumes that intraparticle diffu-
sion is the controlling step, adjusted satisfactorily the experimental
data for the fluoride concentration decay curves. The external mass
transport is quite fast and does not control the overall rate of
adsorption. The kinetics of fluoride adsorption on bone char is pre-
dominantly controlled by the pore volume diffusion.

It was also found that the effective pore volume diffusivity
does not depend on the mass of fluoride adsorbed at equilibrium.
This result can be explained considering that the mass of fluoride
adsorbed was low and the fluoride ions adsorbed on the pore sur-
face do not block the pores.

The tortuosity factor of bone char was estimated from the exper-
imental values of the effective pore volume diffusivity, the ionic
diffusion coefficient of the fluoride in an aqueous solution and the
void fraction of the bone char. The tortuosity factor varied between
1.7 and 2.3, and it is recommended to use a tortuosity factor of 2.1.

The second- and nth-order kinetic models fitted satisfactorily
the experimental concentration decay curves of fluoride; never-
theless, the values of the kinetic constants and the order n varied
considerably with the operating conditions. Moreover, the varia-
tion of the kinetic parameters did not exhibit any explainable trend.
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